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1. Introduction 



The action of the reparametrization group G^;, consisting of ^-jets of germs of biholo- 
morphisms of (C, 0), on the bundle Jk = JkT*X of fc-jets at of germs of holomorphic 
curves / : C — > X in a complex manifold X has been a focus of investigation since 
the work of Demailly {5\ which built on that of Green and Griffiths [13J. Here Gu is a 
non-reductive complex algebraic group which is the semi-direct product Gj- = U*^ >^ C* 
of its unipotent radical with C*; it has the form 












a\ 






















or: 



where the entries above the leading diagonal are polynomials in ai, . . . ,ak, and U*^ is 
the subgroup consisting of matrices of this form with ai = 1 . The bundle of Demailly- 
Semple jet differentials of order k over X has fibre dX x e X given by the algebra 
0{{Jk)xf'' of Ufc-invariant polynomial functions on the fibre {Jk)x = {JkT*X)y: of JkT*X. 
More generally following [25] we can replace C with C for p > 1 and consider the 
bundle Jk^pT*X of fc-jets at of holomorphic maps / : C — > X and the reparametriza- 
tion group Gk,p consisting of ^-jets of germs of biholomorphisms of (^,0); then G^^^ 
is the semi-direct product of its unipotent radical U/; and the complex reductive group 



= V 



k,p >^ 
k,p - 



SL(p) (which equals Uj._p when p = 1) fits into 
> C* — > 1. The generalized Demailly-Semple 



GL{p), while its subgroup 
an exact sequence 1 — > 

algebra is then 0({Jk,p)x)^'''' ■ 

The Demailly-Semple algebras O(Jt)^'' and their generalizations have been studied 
for a long time. The invariant jet differentials play a crucial role in the strategy devised 
by Green, Griffiths [13], Bloch [4], Demailly [Ellll, Siu [|28l|29l|30l and others to prove 
Kobayashi's 1970 hyperbolicity conjecture [1911 and the related conjecture of Green and 
Griffiths in the special case of hypersurfaces in projective space. This strategy has been 
recently used successfully by Diverio, Merker and Rousseau in [|71 and then by the first 
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author in fP| to give effective lower bounds for the degrees of generic hypersurfaces in 
P„ for which the Green-Griffiths conjecture holds. 

In particular it has been a long-standing problem to determine whether the algebras 
of invariants 0{{Jk,p)x)'^'''' and bi-invariants Oi{Jk,p)x)'^''-''^^"'' (where Un^x is a maximal 
unipotent subgroup of GL(r^^) - GL(n)) are finitely generated as graded complex al- 
gebras, and if so to provide explicit finite generating sets. In [| 20| Merker showed that 
when p = I and both k and n = dimX are small then these algebras are finitely gen- 
erated, and for p = I and all k and n he provided an algorithm which produces finite 
sets of generators when they exist. In this paper we will describe methods inspired by 
[[2| and the approach of [9J to non-reductive geometric invariant theory (GIT) to prove 
the finite generation of 0((Jk)x)^'' for all n and k > 2 (from which the finite generation 
of the corresponding bi-invariants follows). In fact we will show that is a Grosshans 
subgroup of SL(^), so that the algebra (9(SL(fc))^* is finitely generated and hence ev- 
ery linear action of which extends to a linear action of SL(^) has finitely generated 
invariants. We will also give a geometric description of a finite set of generators for 
(9(SL(/r))^*, and a geometric description of the associated affine variety 

SL{k)//Vk = Spec((9(SL(A:))"*) 

which leads to a geometric description of the affine variety 

iJk)xm = specmJk)xf') 

as a GIT quotient 

({Jk)x X (SL(fc)//U,))//SL(fc) 
by the reductive group SL(fc), in the sense of classical geometric invariant theory [|23ll . 
Similarly we expect that if p > 1 and k is sufficiently large (depending on p) then ^ 
is a subgroup of SL(sym-''(p)), where 

k 

sym-\p) = ^dimSym'C^, 

/=i 

such that the algebra C)(SL(sym-''(p)))'^*'' is finitely generated, and thus that the algebra 
and 0{{Jk,p)x)^'''' is also finitely generated, and we have a geometric description of the 
associated affine variety 

(4p).-//g;,p- 

The layout of this paper is as follows. §2 reviews the reparametrization groups Gk 
and Qk,p and their actions on jet bundles and jet differentials over a complex manifold 
X. Next §3 reviews some of the results of [9| on non-reductive geometric invariant 
theory. In §4 we recall from |[2l a geometric description of the quotients by U/t and 
Gk of open subsets of {Jk)x^ and in §5 this is used to find explicit affine and projective 
embeddings of these quotients and explicit embeddings of SL(fc)/U<^. In §6 we see that 
the complement of SL(fc)/U/; in its closure for a suitable embedding in an affine space 
has codimension at least two. In §7 we conclude that U/t is a Grosshans subgroup of 
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SL(k) when k>2, so that (9(5L(fc))^* and 0{{Jk)x)^'' are finitely generated, and provide 
a geometric description of a finite set of generators of (9(SL(fc))^*. Finally §8 and §9 
discuss how to extend the results of §6 and §7 to the action of G^^p on the jet bundle 
Jk,p X of fc-jets of germs of holomorphic maps from C to X for p > 1. 
Acknowledgments We are indebted to Damiano Testa, who called our attention to the 
importance of the group in the Green-Griffiths problem. We would also like to thank 
Brent Doran for helpful discussions. 

The first author warmly thanks Andras Szenes, his former PhD supervisor, for his 
patience and their joint work from which this paper has grown. 

2. Jets of curves and jet differentials 

Let X be a complex n-dimensional manifold and let khe a positive integer. Green and 
Griffiths in [ 13J introduced the bundle Jj, ^ X of k-jets of germs of parametrized curves 
in X; its fibre over x e X is the set of equivalence classes of germs of holomorphic maps 
/ : (C, 0) {X, x), with the equivalence relation / ~ g if and only if the derivatives 
f^-'\0) = g'^^\0) are equal for < j < A;. If we choose local holomorphic coordinates 
(zi, . . . , Zn) on an open neighbourhood Q. c X around x, the elements of the fibre Jk,x are 
represented by the Taylor expansions 

fit) = x + tf'iO) + ^/"(O) + . . . + ^^f'\0) + Oit"*') 
up to order at ? = of C"-valued maps 

/ = ■ ■ - ^fn) 

on open neighbourhoods of in C. Thus in these coordinates the fibre is 

Jk,x = {if'iO),...,f'\0)/kl)] = 

which we identify with C"*". Note, however, that Jt is not a vector bundle over X, since 
the transition functions are polynomial, but not linear. 

Let G^; be the group of ^-jets at the origin of local reparametrizations of (C, 0) 

1 1-^ (fit) = ait + a2t^ + . . . + att'', ai e C*, 02, . ■ . ,ak g C, 

in which the composition law is taken modulo terms t^ for j > k. This group acts 
fibrewise on Jk by substitution. A short computation shows that this is a linear action on 
the fibre: 

f"(0) 

f o (p(t) = /'(O) • (ait + a2t^ + ... + aut^) + ■ (a^t + a2t^ + ... + a^t^f + ... 

. . . + ■ {ait + a2t^ + . . . + akt^f (modulo t''^^) 

k\ 
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SO the linear action of (p on the fc-jet (/'(0),/"(0)/2!, . . .J'-^\0)lk\) is given by the 
following matrix multiplication: 









a2 


as 











a\ 




■ aiak-i + ... + ak-iai 


(1) (/'(0),r(0)/2!,. 


..,/«(0)A!)- 








a\ . 


'ia\ak-2 + ... 






. 











where the matrix has general entry 

iGk)i,j = ^ ff., • • • a^, 

il>l,...,l,>l, Sl+... + Si=j 



for j < k. 

There is an exact sequence of groups: 

(2) 1 ^ ^ G;t ^ C ^ 1, 

where — > C* is the morphism —> ip'(0) = ori in the notation used above, and 

Gk = Vk>^ C* 

is a semi-direct product. With the above identification, C* is the subgroup of Gk consist- 
ing of diagonal matrices satisfying a2 = . . . = ak = and Vk is the unipotent radical of 
G^, consisting of matrices of the form above with ci = 1. The action of /I e C* on ^-jets 
is thus described by 

A ■ (/'(O), /"(0)/2!, . . . , f'\0)/k\) = (AfiO), iV"(0)/2!, . . . , A'f'\0)/k\) 

Let S'l^ denote the vector space of complex valued polynomial functions 

Q(Ui,U2,...,Uk) 

of Ml = (mij, . . . , ...,Uk = (uk,i, Uk,n) of Weighted degree m with respect to this 
C* action, where m,- = f^'\0)/il; that is, such that 

QiAui,A^U2,...,A''uk) = A'"Q(ui,U2,...,Uk). 
Thus elements of have the form 

k,m 

QiUi,U2,...,Uk)= ^ u'IU2...u'l, 

\ii\+2\i2\+...+k\k\=in 

where z'l = (in, . . . , z'l „), . . . , 4 = • • • , are multi-indices of length n. There is 
an induced action of Gk on the algebra ®,„>ofi^m- Following Demailly (see O), we 
denote by E'J,^^^ (or Ek^„,) the Demailly-Semple bundle whose fibre at x consists of the 
U<:-invariant polynomials on the fibre of Jk at x of weighted degree m, i.e those which 
satisfy 

Qiif o ^)'(O), (/ o ^)"(0)/2!, ...,(/ o <py'\0)/k\) 
= ^'(Or • e(/'(0), /"(0)/2!, . . . , f'\0)/k\). 
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and we let E^, = ®,nE'l,„ denote the Demailly-Semple bundle of graded algebras of 
invariants. 

We can also consider higher dimensional holomorphic surfaces in X, and therefore 
we fix a parameter \ < p <n, and study germs of maps — > X. 

Again we fix the degree k of our map, and introduce the bundle 7^ ^ X oi fc-jets 
of maps X. The fibre over x e X h the set of equivalence classes of germs of 

holomorphic maps / : (C^, 0) — > {X, x), with the equivalence relation / ~ g if and only 
if all derivatives f^-'\0) = g^-'\0) are equal for < j < k. 

We need a description of the fibre 7yt,p,x in terms of local coordinates as in the case 
when p = I. Let (zi, . . . ,Zn) be local holomorphic coordinates on an open neighbour- 
hood Q. (Z X around x, and let (wi, . . . , Up) be local coordinates on C'\ The elements of 
the fibre Jk,p,x are C" -valued maps 

/ = (fl^fl, ■ ■ ■ ,fn) 

on C^, and two maps represent the same jet if their Taylor expansions around z = 

2 k 

m = X + z/'(0) + |y/"(0) + . . . + ^/«(0) + 0{z'^') 

coincide up to order k. Note that here 

f'\0) 6 Hom(Sym 
and in these coordinates the fibre is a finite-dimensional vector space 

Jkp,. = {(/'(O), . . .,f'\0)/kl)} = C<"'"\ 

Let Gk,p be the group of fc-jets of germs of biholomorphisms of (C, 0). Elements of 
Gk,p are represented by holomorphic maps 

(3) u (fiu) = OiU -I- 02U^ + ... + O^u*" = ^ • • • lip, is non-degenerate 

ieZP\0 

where O,- e Hom( Sym'C'\ C). The group G^-p admits a natural fibrewise right action 
on Ji,p, by reparametrizing the ^-jets of holomorphic p-discs. A computation similar to 
that in [|2l shows that 



j'l +...+ii=d 

This defines a linear action of Gyt ^ on the fibres 7^_p ji of J^^p with the matrix representa- 
tion given by 
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(4) 



O1O2 




$3 



where 



• OiG Hom(Sym'C'',0')isapxdim(Sym' 
of the map €>, which is represented by a map 

• 0,j . . . O;, is the matrix of the map Sym 
sented by 



matrix, the ith degree component 



Sym C, which is repre- 



(8l. 



• the (l,m) block of Gk,p is Z(i+...+(/=m0ii • • - ^ir The entries in these boxes are 
indexed by pairs (T,fj) where t g g correspond to bases of 

Sym '(C) and Sym'"(C^). 

Example 2.1. For p = 2,k = 3, using the standard basis 

\ei, CiCj, eiCjeu : 1 < i < ; < < 2} 

of(J3,2)x, we get the following 9x9 matrix for a general element 0/03,2.' 

(5) 



' osio 


ao\ 


^20 


an 


0-02 


^30 


^21 


ai2 


ao3 


Pw 


Po\ 




Pn 


>802 


^830 




jSl2 


JS03 








°10 




«01 


aio«20 


aioffii + aoia2o 


aio<J'02 + ffuffoi 


aoiao2 










ffiojSoi + ffoijSio 






P 


Q 












ySlOySoi 






jSioySii +/32o/3oi 


/3oi/?ii +/So2/3io 



















"10 






"01 








































«io/5io 


aiOySlOySoi 


«lOy6oiy6oi 


Q-Ol^Ol 


> 






















where 

















r/ii* a subgroup of the standard parabolic P2,3,4 c GL(9). T/ie diagonal blocks are the 
representations Sym'C^/or / = 1, 2, 3 ofGL{l), where w standard representation 
ofGUl). 

In general the linear group G^:^ is generated along its first p rows; that is, the param- 
eters in the first p rows are independent, and all the remaining entries are polynomials 
in these parameters. The assumption on the parameters is that the determinant of the 
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smallest diagonal pxp block is nonzero; for the p = 2,k = 3 example above this means 
that 

The parameters in the (1, m) block are indexed by a basis of Sym'"(C'') x C^, so they 
are of the form a[ where v 6 (''^'"j^') is an m-tuple and I < I < p. An easy computation 
shows that: 

Proposition 2.2. The polynomial in the (I, m) block and entry indexed by 

(p + l-l^ 
T = iT[l],...,T[l])er 

andve(P^'"-Ais 

V m-1 / 

(6) (G,,A,v= J] 



V/ 

Vl+...+V/=V 



Note that G^ ^ is an extension of its unipotent radical U^;,;^ by GL{p); that is, we have 
an exact sequence 

1 ^ U,,p ^ Gt,p ^ GL{p) ^ 1, 

and Gk,p is the semi-direct product 'Uk,p x GL(p). Here Gk,p has dimension p x sym-''(7?) 
where sym-''(p) = dim(©J^jSym'C'^), and is a subgroup of the standard parabolic sub- 
group /'p,sym2(/)),...,sym*(/)) of GL(sym-*'(p)) where sym'(j)) = dim(Sym'C'0. We define G^^ 
to be the subgroup of Gk,p which is the semi-direct product 

Glp = lS,,,y^SL(p) 

(so that G^p = lJk,p when p = I) fitting into the exact sequence 

l^JJt,p^Glp^SL(p)^l. 

The action of the maximal torus (C*)'' c GL{p) of the Levi subgroup of Gk,p is 



(7) (Au ...,Ap)- /« = (A[-L, ...,A';--- A'; ^ . . . 4-4) 



We introduce the Green-Griffiths vector bundle Ef^^ — > X, whose fibres are complex- 
valued polynomials 

e(/'(0),/"(0)/2!,...,/«(0)A!) 
on the fibres of Jk,p, having weighted degree (m, . . . ,ni) with respect to the action (|7]) of 

^ k,p,m 



y. That is, for Q e Ef^ 



QiAf'iO), Af "(0)/2\, Af'\0)/k\) = A'^ ■ ■ ■ A'^Qif'iO), /" (0)/2!, . . . , f'\0)/k\) 
for all AeCP and (/'(0),/"(0)/2!, . . .,f'\0)/k\) e 7,,,,,„. 
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Definition 2.3. The generalized Demailly-Semple bundle E^^p m X over X has fi- 
bre consisting of the G'j^ ^-invariant jet differentials of order k and weighted degree 
(m, . . . ,m); that is, the complex-valued polynomials 2(/'(0),/"(0)/2!, . . . ,f^''\0)/kl) 
on the fibres of Jk,p which transform under any reparametrization (p e Gk,p ofiC, 0) as 

Q(fo^) = (j^rQ(f)ocf>, 

where J^p = detOi denotes the Jacobian of (p at 0. The generalized Demailly-Semple 
bundle of algebras Ek,p = ®m>oEk,p,m is the associated graded algebra ofiG'^^^-invariants, 

whose fibre at x e X is the generalized Demailly-Semple algebra 0{{Jk,p)xf' 

The determination of a suitable generating set for the invariant jet differentials when 
p = 1 is important in the longstanding strategy to prove the Green-Griffiths conjecture. 
It has been suggested in a series of papers [ 131[51|271|201|71IZ1] that the Schur decompo- 
sition of the Demailly-Semple algebra, together with good estimates of the higher Betti 
numbers of the Schur bundles and an asymptotic estimation of the Euler charactristic, 
should result in a positive lower bound for the global sections of the Demailly-Semple 
jet differential bundle. 

3. Geometric invariant theory 

Suppose now that 7 is a complex quasi-projective variety on which a linear algebraic 
group G acts. For geometric invariant theory (GIT) we need a linearization of the action; 
that is, a line bundle L on 7 and a lift H of the action of G to L. Usually L is ample, 
and hence (as it makes no difference for GIT if we replace L with L®*^ for any integer 

> 0) we can assume that for some projective embedding Y c P" the action of G on 7 
extends to an action on P" given by a representation p : G ^ GL{n -I- 1), and take for L 
the hyperplane line bundle on P". 

For classical GIT developed by Mumford [23J (cf. also [I8l|22l|24ll265) we require the 
complex algebraic group G to be reductive. Let 7 be a projective complex variety with 
an action of a complex reductive group G and linearization X with respect to an ample 
line bundle L on 7. Then y e Y is semistable for this linear action if there exists some 
m > and / 6 //°(7, L®*")*^ not vanishing at y, and y is stable if also the action of G on 
the open subset 

Yf:={xeY\ f(x) ^ 0} 

is closed with all stabilizers finite. 7*' has a projective categorical quotient 7^* Y//G, 
which restricts on the set of stable points to a geometric quotient 7* Y" /G (see |[23l 
Theorem 1.10). The morphism 7'^ — > 7//G is surjective, and identifies x,y & 7" if and 
only if the closures of the G-orbits of x and y meet in 7^*; moreover each point in 7//G 
is represented by a unique closed G-orbit in 7**. There is an induced action of G on the 
homogeneous coordinate ring 



4(i') = 0//V,^^') 
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of Y. The subring Ol{Y) consisting of the elements of Ol(Y) left invariant by G is 
a finitely generated graded complex algebra because G is reductive, and the GIT quo- 
tient Y//G is the projective variety FmHOtiY)'^) [|23]| . The subsets 7" and Y" of Y are 
characterized by the following properties (see |l23l Chapter 2] or [24]). 

Proposition 3.1. (Hilbert-Mumford criteria) (i) A point x e Y is semistable (respectively 
stable) for the action ofGon Y if and only if for every g & G the point gx is semistable 
(respectively stable) for the action of a fixed maximal torus ofG. 
(ii) A point x e Y with homogeneous coordinates [xq : ... : x„] in some coordinate 
system on P" is semistable (respectively stable) for the action of a maximal torus ofG 
acting diagonally on P" with weights ao, ■ ■ ■ ,a„ if and only if the convex hull 

Cony {a i : Xf 0} 

contains (respectively contains in its interior). 

Similarly if a complex reductive group G acts linearly on an affine variety Y then we 
have a GIT quotient 

Y//G = Spec(0(Y)^) 

which is the affine variety associated to the finitely generated algebra (9(7)'^ of G- 
invariant regular functions on Y. In this case 7** = Y and the inclusion 0{Y)^ ^ 0(Y) 
induces a morphism of affine varieties Y Y//G. 

Now suppose that H is any complex linear algebraic group, with unipotent radical 
U < H (so that R = H/U is reductive and H is isomorphic to the semi-direct product 
U X R), acting linearly on a complex projective variety Y with respect to an ample line 
bundle L. Then ProjiOiiY) ) is not in general well-defined as a projective variety, since 
the ring of invariants 

OdYf = ^H°(Y,L^Y 

k>0 

is not necessarily finitely generated as a graded complex algebra, and so it is not obvious 
how GIT might be generalised to this situation (cf. [9llIIl[l0l[l4l[T5l[l8l). However in 
some cases it is known that (9^(7) is finitely generated, which implies that 

\H/U 



OdYf = 



^H\Y,L^Y 



V k>0 J 

is finitely generated and hence the enveloping quotient in the sense of His given by the 
associated projective variety 

Yim = Proj0i(7)^). 

Similarly if 7 is affine and H acts linearly on 7 with 0(Y)^ finitely generated, then we 
have the enveloping quotient 

Y//H = Spec(0{Yf). 
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There is a morphism 

q ■ Y'' ^ YIIH, 

from an open subset y of Y (where 7" = Y when Y is affine), which restricts to a 
geometric quotient 

q:Y' ^ Y'/H 

for an open subset Y^ c 7". However in contrast with the reductive case, the morphism 
q : y * — > Y//H is not in general surjective; indeed the image of q is not in general a 
subvariety of Y//H, but is only a constructible subset. 

If there is a complex reductive group G containing the unipotent radical U of H such 
that the algebra 0{G)^ is finitely generated and the action oiU onY extends to a linear 
action of G, then 

0{Yf = ((9(7) (g> OiGff 
is finitely generated and hence so is 

0(Yf = {0(Yf)"'" 

(or if 7 is projective with an ample linearisation L then Ol{Y)^ is finitely generated and 
hence so is OiiY)"). In this situation we say that U is a Grosshans subgroup of G (cf. 
Ulelllll). Then geometrically G/U is a quasi-affine variety with 0{G/U) = 0(Gf, and 
it has a canonical affine embedding as an open subvariety of the affine variety 

G//U = SpeciO(Gf) 

with complement of codimension at least two. Moreover if a linear action of U on an 
affine variety 7 extends to a linear action of G then 

Y//U = (YxG//U)//G 

(and a corresponding result is true if 7 is projective). Conversely if we can find an 
embedding of G/U as an open subvariety of an affine variety Z with complement of 
codimension at least two, then 

0{Gf = 0{Z) 

is finitely generated and G//U = Z. 

Suppose that U is a unipotent group with a reductive group R of automorphisms of U 
given by a homomorphism (p : R ^ h\xi{U) such that R contains a central one-parameter 
subgroup /I : C* ^ i? for which the weights of the induced C* action on the Lie algebra 
u of i7 are all nonzero. Then we can form the semi-direct product 

U = C*^UQR^U 

given by C* X f/ with group multiplication 

(Zl,Ml).(Z2,W2) = {Z\Z2,{'^{zl^){Ui))U2). 

The groups G<: = U/t xi C* and G^^p = Vk^p xi GL(p) which act on the fibres of the jet 
bundles Jt and Jk,p are of this form. We will use this structure to study the Demailly- 
Semple algebras of invariant jet differentials and E^^ and prove 
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Theorem 3.2. The fibres 0{{Jk)x)^'' and 0{{Jk,p)xf''<' of the bundles E"^ and E'l^ are 
finitely generated graded complex algebras. 

Thus we have non-reductive GIT quotients 

Uk).imk = Spec(6)((7,),f *) 

and 

and we would like to understand them geometrically. There is a crucial difference here 
from the case of reductive group actions, even though the invariants are finitely gen- 
erated: when H is a non-reductive group we cannot describe Y//H geometrically as 
modulo some equivalence relation. Instead our aim is to use methods inspired by 
[121 to study these geometric invariant theoretic quotients and the associated algebras of 
invariants. 

Here a crucial ingredient would be to find an open subset W of {Jk,p)x with a geometric 
quotient W/G^ ^ embedded as an open subset of an affine variety Z such that the com- 
plement of W/G'i^^ in Z has (complex) codimension at least two, and the complement of 
W in {Jk,p)x has codimension at least two. For then we would have 

0{{Jk,p)x) = 0(W) 

and 

0((Jk,p)xf'-" = OiWf^-" = 0{W/Glp) = 0(Z), 

and it follows that 0{{Jk,p)xi^''-'' is finitely generated since Z is affine, and that 

Z = Spec(0(Z)) = S^&c{0{{Ju,p)xf'-") = ((Jk,p)x)//Glp. 

Similarly if we can find a complex reductive group G containing G^^ as a subgroup, and 
an embedding of G/G'j^^ as an open subset of an affine variety Z with complement of 

codimension at least two, then 0(G)'^''-p is finitely generated. It follows as above that if 
Y is any affine variety on which G acts linearly then 

0(Yf'^.p ^ {0{Y)®0{Gf^''f 

is finitely generated, and hence so is (9(7) = {0{Y) *p) , and similarly Ol{Y) and 
Ol{Y)^''-'' are finitely generated if Y is any projective variety wtih an ample line bundle 
L on which G acts linearly. 

We can use the ideas of [2] to look for suitable affine varieties Z as above, and in 
particular to prove 

Theorem 3.3. G^^^ is a subgroup of the special linear group SL(sym-''/)) where 

k 

sym-V = ^dimSym'C = 

i=\ 



k + p-l 
k-1 
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such that the algebra of invariants C)(SL(sym-*^/)))^* '' is finitely generated, and every 
linear action ofG'^^ or Gk,p on an ajfine or projective variety (with an ample linearisa- 
tion) which extends to a linear action o/GL(sym-^p) has finitely generated invariants. 

Theorem l3.2l is an immediate consequence of this theorem, since the action of Gk^p on 
{Jk,p)x extends to an action of the general linear group GL(sym-*'/)). Moreover we will 
find a geometric description of 

SL(sym-V)//G;p = SpeciOiSUsym-''p)f'^-p) 

and thus a geometric description of 

(Jk,p)J/Gl^ = ((Jk,p). X SL(sym^V)//G^,p//SL(sym^V). 

4. A DESCRIPTION VIA TEST CURVES 

In ^ the action of Gt on jet bundles is studied using an idea coming from global 
singularity theory. The construction goes as follows. 

If u, V are positive integers, let Jk{u, v) denote the vector space of fc-jets of holomorphic 
maps (C",0) (C^',0) at the origin; that is, the set of equivalence classes of maps 
/ : (C", 0) ^ (C, 0), where / ~ ^ if and only if f j\0) = g^j\0) for all j = 1 , . . . , k. 

With this notation, the fibres of Jj, are isomorphic to 7^(1, n), and the group G^; is 
simply 7jt(l. 1) with the composition action on itself. 

If we fix local coordinates zi, . ■ .,Zu at e C" we can again identify the fc-jet of 
/, using derivatives at the origin, with (/'(0),/"(0)/2!, . . . , f ''\0)/kl), where fj\0) e 
Hom(Sym^C", G ). This way we get an identification 

Jkiu,v) = e5=iHom(Sym^C",C'). 

We can compose map-jets via substitution and elimination of terms of degree greater 
than k; this leads to the composition maps 

(8) Jk(v, w) X Jk(u, v) Jk{u, w), Q¥2, ^i) ^^2° *Fimodulo terms of degree > k . 

When k = \, Ji{u,v) may be identified with M-by-v matrices, and ([8]) reduces to multi- 
plication of matrices. 

The ^-jet of a curve (C, 0) — > (C", 0) is simply an element of Jk(l,n). We call such a 
curve (f regular if (p'iO) + 0. Let us introduce the notation f^^(\,n) for the set of regular 
curves: 

7f^(l,n) = {7e7,(l,n);r'(0)^0}. 

Note that if n > 1 then the complement of 7^''^(l,n) in 7|(l,n) has codimension at least 
two. Let N > nhe any integer and define 

Y, = I^F e Un,N) : 3y e 7f^(l,n) : T o y = o) 

to be the set of those k-jets which take at least one regular curve to zero. By definition, 
T^- is the image of the closed subvariety of Jk(n, N) x 7^'^^(1 , n) defined by the algebraic 
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equations *P o y = 0, under the projection to the first factor. If *P o y = 0, we call y a test 
curve of 

This term originally comes from global singularity theory, where this is called the test 
curve model of A/.-singularities. In global singularity theory singularities of polynomial 
maps / : (C", 0) {C"\ 0) are classified by their local algebras, and 

2, = {fe Un, m) : C[a, ■ ■ ■ , ^„]/</i, mit"*') 

is called a Morin singularity, or A/;-singularity. The test curve model of Gaffney [[T2l 
tells us that 

in Jk{n, m). 

A basic but crucial observation is the following. If y is a test curve of e T/., and 
if e 1) = Gk is a holomorphic reparametrization of C, then y o is, again, a test 

curve of 

(9) C ► C ► C" — - 

VFoy = ^ ^o(yo<^) = 0. 

In fact, we get all test curves of *P in this way from a single y if the following open 
dense property holds: the linear part of *P has 1 -dimensional kernel. Before stating 
this more precisely in Proposition |4]3] below, let us write down the equation *F o y = 
in coordinates in an illustrative case. Let y = (y',y", . . . ,7'^^-') e fj^^{\,n) and *P = 
. . . , ¥®) e Jk(n, N) be the A:-jets. Using the chain rule, the equation *P o y = 
reads as follows for k = 4: 

(10) ¥'(/) = 0, 

±^"(Y") + ^¥"(r',r") + ^"'(r',r',r') = o, 

±^'(y"") + 2.xi>"^Y^y") + J-xi"'^y'^Y') + l^'"^Y^Y^y") + *I""'(y',y',y',y') = 0. 

Definition 4.1. To simplify our formulas we introduce the following notation for a par- 
tition T = [z'l . . . ii] of the integer z'l -1- . . . -I- //: 

• the length : |t| = /, 

• the sum: = ii + . . . + ii, 

• the number of permutations: perm(T) is the number of different sequences con- 
sisting of the numbers z'l, . . . , z/ (e.g. perm([l, 1,1,3]) = 4), 

• Tr = ny=i y''^ e Sym'C" and *P(y,) = ¥{y^''\ . . . ,y(''') e C^. 

Lemma 4.2. Let y = (/, y", . . . , y^^) e 7f^(l, n) and ^ = (^', . . . , ¥(*^)) e Mn, N) 
be k-jets. Then the equation ¥ o y = Z5 equivalent to the following system ofk linear 
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equations with values in C^: 

(11) !^>P(,,) = 0, ,,.= 1,2,....*. 

ren[m] ^ ^ " 

where n[m] denotes the set of all partitions ofm. 

For a given y e 7^'^^(1, n) let Sy denote the set of solutions of (fTTl) : that is, 

Sy = {^eUn,Ny,'i'oy = 0}. 
The equations (fTTT) are linear in *P, hence 

5y c Jkin, N) 

is a linear subspace of codimension kN. Moreover, the following holds: 

Proposition 4.3. fO, Proposition 4.4) 

(i) For y e f^^{\,n^, the set of solutions Sy c Jifn,'N^ is a linear subspace of 
codimension kN. 

(ii) Set 

Jl{n,N) = G 7i(n,A^)|dimker(¥') = 1} . 

For any y 6 7^''^(1, n), the subset Sy n Jl{n, N) ofSy is dense. 

(iii) 7/'*P e 7^(n, A/^), *P belongs to at most one of the spaces Sy. More precisely, 

if7i,72ef;\l,n), ^ e J'lin,N) and'i' o y, = ^' o = 0, 

then there exists <p e 7^''^(1, 1) such that 7 \ = 72° ^■ 

(iv) Given 71,72 6 ^^''^(1,^), we have Sy^ = Sy^ if and only if there is some e 
7r^(l, 1) such that 7\ = 72° ^• 



By the second part of Proposition l4.3l we have a well-defined map 

y : 7^'^^(l,n) — > Grass(codim = kN, Jk{n,N)), 7 ^ Sy 

to the Grassmannian of codimension-/cA/^ subspaces in Jf,{n,N). From the last part of 
Proposition |4]3] it follows that: 

Proposition 4.4. v is G^-invariant on the 7[^^(1, l)-orbits, and the induced map on 
the orbits 

(12) V : f^^{l,n)IGk ^ Grass(codim = kN, Ju{n, N)) 

is injective. 
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5. Embedding into the flag of equations 

In this section we will recast the embedding (fT2l) of ^^'^^(l , n) /G/t given by Proposition 
l4.4l into a more useful form, still following [[21. Let us rewrite the linear system *P o y = 
associated to 7 e f^^{l,n) in a dual form. The system is based on the standard 
composition map ([8]): 

Un,N)xJ,(l,n)^ J,(1,N), 

which, via the identification Jk{n, N) = Jk{n, I)® C^, is derived from the map 

7,(n,l)x7,(l,/7)^ 7,(1,1) 

via tensoring with C^. Observing that composition is linear in its first argument, and 
passing to linear duals, we may rewrite this correspondence in the form 

(13) <^:7,(l,n)^ Hom(7,(l,l)*,7,(n,l)*). 

If y = (/, y", . . . , yW) G 7,(1, n) = {C"f is the yt-jet of a curve, we can put y^^'^ e C" 
into the jth column of an n x A: matrix, and 

• identify 7,(1, n) with Hom(C^C"); 

• identify 7,(n, 1)* with Sym-*C" = ®\^^ Sym'C"; 

• identify 7,(1, 1)* with 

Using these identifications, we can recast the map (p in ([T3]) as 

(14) 0, : Hom {C\ C") Hom (C\ Sym-*^C"), 
which may be written out explicitly as follows 



(y',y",...,/'=0 



y',y" + (y')^..., J] -T"" T^''V' 



. . . ...I ' 

Il+!2+...+!.,=fi! 



The set of solutions Sy is the linear subspace orthogonal to the image of 0,(y', . . . y ') 
tensored by C^; that is. 



5, = im(<^,(y))^®C^c7,(n,A^). 
Consequently, it is straightforward to take A^^ = 1 and define 

(15) Sy = im(0,(y)) 6 Grass(/t, Sym-*C"). 

Moreover, let 5, c GL(k) denote the Borel subgroup consisting of upper triangular 
matrices and let 

Flag^(C") = Hom(C\ Sym-*^C")/5, = {0 = c c • ■ • c F, c C", dimF, = /} 

denote the full flag of A;-dimensional subspaces of Sym-^'C". In addition to ([T5l) we can 
analogously define 

(16) Ty = (im(0(y^)) c im(0(y2)) c . . . c im(0(y*^))) e Flag,(Sym^*^C"). 

Using these definitions Proposition l4. 31 implies the the following version of Proposi- 
tion [4]4l which does not contain the parameter N. 
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Proposition 5.1. The map (p in (fT4l) is a Gu-invariant algebraic morphism 



<P : f^\\,n) Hom(C\Sym-'=C"), 



which induces 

• an injective map on the G^-orbits to the Grassmannian: 

(f : f^\\,n)IGk ^ Grass(A:, Sym-*^C") 

defined by (p'^'\y) = Sy-, 

• an injective map on the G^-orbits to the flag manifold: 

4,^'"^ : 7f^(l,n)/G, ^ Flag,(Sym^*^C") 

defined by 0^'"«(7) = Ty. 
In addition, 

where nu : Flag(/:, Sym-*C") — > Grass^(Sym-*'C") is the projection to the k-dimensional 
subspace. 

Composing (p^'' with the Pliicker embedding 

Grass(/t, Sym-^C") ^ P(A*Sym-*C") 

we get an embedding 

(17) ^^"j : f^^{\,n)IGk ^ P(A*^(Sym-*0). 

The image 

is a GL(n)-orbit in Grass(fc, Sym-^'C"), and therefore a nonsingular quasi-projective va- 
riety. Its closure is, however, a highly singular subvariety of Grass(fc, Sym-^C"), which 
when < n is a finite union of GL(n) orbits. 

Definition 5.2. Recall that we can identify 7^(1, n) with Hom(C*', C") and then 

7f^(l,n) = {pe Hom(C^C") : p{ei) ^ 0}. 

Let 

7P'*'^(l,n) = {pe Hom(C\C") : rankp = max{k,n}} 

and let 

X„t = cp^'^-Kjr'^'ihn)), y„,, = 0P"j(7;^^(l,n)), 
so that ifn < k then 



(P^''(r\l,n))/Gk c Grass(/t, Sym-*C") 



X„^k c y,a c Grass(R, Sym-*^C") c P(A*^(Sym-*^C")). 

It is clear that 7"™'''^^(1, n) is an open subset of 7^^^(1, n). If we identify the elements 
of Jk(l,n) with n X k matrices whose columns are the derivatives of the map germs 
/ = (/',... ,/^"^) : C — > C", then 7™"'^^^(l,n) is the set of such matrices of maximal 
rank and 7^'^^(1, n) consists of the matrices with nonzero first column. 
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Definition 5.3. Let ei, . . . ,e„ be the standard basis ofC"; then 

{eiij2,-J, = . . .ei^ : I <ii < . . . <is <n,l < s < k} 
is a basis ofSym-^C^, and 

{e^, A . . . A : £, e n<„} 

is a basis of F( A" (Sym-'^C")), where 

n<„ = [{iiJi, ...,is)-'^<h<---<is<n,l<s<k}. 

The corresponding coordinates of x & Sym-''C" will be denoted by ^£,,£2,...,£rf- Let A^j, c 
P(A'^(Sym-^C")) consist of the points whose projection to A^(C") is nonzero. This is the 
subset where X;i,;2,...,4 for some 1 < /i < . . . < 4 < n. 

Remark 5.4. lfn = k then A„_„ c P(A'=(Sym-''C")) is the affine chart where Xi^2,...,n + 0. 

Let us take a closer look at the space Grass(n, Sym-^'C"), which has an induced GL(n) 
action coming from the GL(n) action on Sym-*C". Since is a GL(n)-equivariant 
embedding, we conclude that 

Lemma 5.5. (i) For k <n X„^k is the GL(n) orbit of 

(18) z = (p'''"\eu...,ek) = [eiA{e2 + ej)A...A( ^ e,, ...e,-)] 

ii+...is=k 

in P(A*^(Sym-*C")). For arbitrary g e GL(n) with column vectors vi, . . . , v„ the 
action is given by 

g-Z = 0P^°j(g) = 0P^°Vl,...,V„) = [Vl A(V2+V?)A...A( Yj Vh---VOl 

!i+...+ij=n 

(ii) For k < n 7,,^^ is a finite union ofGL(n) orbits. 

(iii) For k > nthe images Xn,k and Yn,k (^re GL{n)-invariant quasi-projective varieties 
with no dense GL(n) orbit. 

Lemma 5.6. Ifk<n then 

(i) ^n,k is invariant under the GL(n) action on P(A*^(Sym-*C'')). 

(ii) X„^k c A„^k; however, Y„^k ^ An,k- 

Proof. To prove the first part take a lift 

z = t®f£ Hom (C", Sym^^C) 

of z G Grass(n, Sym-*^C"), where 

G Hom(C",C")andz^ G Hom (C", e;L2 Sym '(C)) 

Then z g A„^k if and only if xi,2,...,n(z) = det(2^) 0, which is preserved by the GL(n) 
action. For the second part note that for (vi, ... ,Vyt) G 7^°"'*^^(l,n) wehave vi A. . . , Avjt ^ 
so by definition 0^'^°j(vi, . . . , Vjt) G A„,jf On the other hand 

/^°j(ei, 0, ...,0) = eiAeiA...Ae\€Y„,k\ A„,k. 



18 GERGELY BERCZI AND FRANCES KIRWAN MATHEMATICAL INSTITUTE, OXFORD 0X1 3BJ, UK 



When k = nwe have 



Lemma 5.7. Xk^k - GL(k)/Gk is embedded in the affine space Ak^k c P(A*^Sym-^C*) as 
the GL{k) orbit of[ei A(e2 + ej) A . . . /\ (Zh+...+h=k ■ ■ ■ ^01 

6. Affine embeddings of SL(k)/Uk 

In the last section we embedded GL(k)/Gk in the affine space Ak^k c P(A*( Sym -*C^)) 
as the GL(A;) orbit of 

[e^A(e2 + e\)A...A( J] e,-, . . . e,- )] e P(A^( Sym^^C*)). 

ii+...+is=k 

Equivalently we have 

SL(k)/SL(k) nGk = SL(A:)/Ufc x 
embedded in A*^( Sym ^*^C*) as the SL(k) orbit of 

Pk = eiA(e2 + el)A...A( ^ ei^ . . . 

il+...+is=k 

where SL(^) n G^; is the semi-direct product U^; x of by the finite group of 4th 
roots of unity in C for 4 = I + . . . + k = [^2^), embedded in SL(^^) as 



^ e ... ^ 
6^ ... 



€ SUk). 



{0 ... e'' 

In this section we will look for affine embeddings of SL(fc)/Uyt in spaces of the form 

Wk,K = A*( Sym ^*C*) (8) i&f^ 
for suitable K and study their closures. 

Lemma 6.1. Let K = M(l + 2 + ...-i-A;)-i-l = {^'''^^^^M + 1 where M e N. Then the point 

Pk ® ef £ A*( Sym ^*C*) ® (C*)®*^ 

where 

Pk = eiA(e2 + ej)A...A( e,-, . . .e,- ) e A*(Sym^*C^) 



ii+...+is=k 



has stabiliser Uk in SL(k). 
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Proof. By Proposition 5.1 the stabiliser of 

{Pk\ e P(A*^( Sym -'^C'^)) = Sym -'^C'^) (g) {Ce^f^) Q nWk,K) 
in GL{k) is G^t = x C*, so the stabiliser of 

Pk ® ef G A*^( Sym -''C'') (C'^)^^ 

is contained in Gk- Moreover by the proof of Proposition 5.1 the stabiliser of pt <8i ef^ 
contains U^:. Finally 

^ z ... ^ 
z^ ... 



c 



I ... z' ) 
acts on pk <Si ^ as multiplication by 

^l+2+-+k+K _ ^(M+l)(l+2+-+/t)+l 

and has determinant 1 if and only if 2^+^+ = 1, so it lies in Sh(k) and fixes pk ® e®^ if 
and only if z = 1 . □ 

We will prove 

Theorem 6.2. Ifk>4 and K = M{l+2 + . . . + k) + \ where M e N Z5 sufficiently large, 
then the orbit of pt <S> e^^ where 

Pk = ei A{e2 + e])A...A{ ^ e,-, . . . eO e a\ Sym-*^C*^) 

f'l +...+is=k 

under the natural action ofSL(k) on 

Wk,K = a'^C Sym -^=0*^) ® (C^)®*^ 



is isomorphic to SL{k)/Vk, <^nd its complement in its closure SL(k)(pk (8 e®^) in Wk^K 
has codimension at least two. 

This theorem has an immediate corollary. 

Corollary 6.3. Ifk>2 then Vk is a Grosshans subgroup ofSh(k), so that every linear 
action ofUk which extends to a linear action ofSL(k) has finitely generated invariants. 

Proof. This follows directly from Theorem l6.2l when k > 4. When k = 2 and ^ = 3 it is 
already known (cf. |(27l). □ 

The remainder of this section will be devoted to proving Theorem 16. 2[ 

It follows directly from LemmaOthat the SL(fc)-orbit of Pk®e^^ in Wk,K = A*^( Sym -''C 
(C*)«^ is isomorphic to SL(A:)/Ui. 
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Recall that 



(f 1 








Qf2 

1 








^3 

1 







at 

lau-i + . . . 
3a^_2 + • • ■ 

{k-l)a2 
1 



: 0^2, • • • , ff/t e C 



so that is generated along its last column as well as along its first row. 

Let Bk c SL(^) denote the standard Borel subgroup of SL(fc) which stabilises the 
filtration Cei c Cei © Ce2 c ■ ■ ■ C*^. Then Bk = ■ Vk where the Borel subgroup Bt-i 
of GL{k - 1) = GL(Cei © Ce2 © • • • © Ce^-i) is embedded diagonally in SL(^) via 



A ^ 

Since U<. stabilises pk and ei we have 



A 
(detA)-i 



Bk{pk®ef) = Bk^,(p,®e^^), 



and since SL(k)/Bk is projective we have 



i ef^) of the SL(yt)-orbit of p^ 



1 



eT" in VF^-j^ is the union of 



Since the closure SL(fc)(pyt 
finitely many SL(fc)-orbits, to prove Theorem I6.2l it suflices to prove 

Lemma 6.4. Suppose that k> A and a and b are strictly positive integers with b I a large 
enough and that x lies in the closure in 



of the orbit B^ipf' O ef ) ofpf" ( 
ofSL{k). Then either x e Bu{pf 
least k+ \. 



> e® under the natural action of the Borel subgroup Bk 
(2) ef') or the stabiliser ofx in SL(fc) has dimension at 



We will split the proof of this lemma into two parts. Let denote the standard 
maximal torus of SL(A;) consisting of the diagonal matrices in SL(/:). Lemma [6!4l follows 
immediately from Lemmas 16.51 and [6^ below. 

Lemma 6.5. Suppose that k> A and a and b are strictly positive integers with b/a large 
enough and that x lies in the closure Tkipf <8) e®^) in 

(A*( Sym ^'^C^))®" (8, (C*^)®^ 



of the orbit Tk(pf" ^ ef ) of pf 
ofSHk). Then either x e T^ipf 
least k+ \. 



< under the natural action of the maximal torus T^ 
5 e®^) or the stabiliser of x in SL(fc) has dimension at 



A GEOMETRIC CONSTRUCTION FOR INVARIANT JET DIFFERENTIALS 



21 



Lemma 6.6. Suppose that k >2 and a and b are strictly positive integers and that x lies 
in the closure in 



of the orbit B^ipf" (8) e®^) ofpf ef^ under the natural action of the Borel subgroup 

ofSh(k). Then either x G B/.Tj^ipf (E) e®^) or the stabiliser of x in SL(fc) has dimension 
at least k + \. 

We will start with the proof of Lemma [6^ 

Proof. We have 

X e Bk{pT®ef) = B,.,{pf 
as above, so there is a sequence of matrices 



^12 

b^S 







^ 




HT^ 



e c SL(/t) 



such that U'"\pf ef) ^ x as m 
definition of pt we get 



oo. Now expanding the wedge product in the 



b^'"\pT) = (ei A . . . A e„ + . . . + (Z7S7V^2^-^Vi 



while 



b^"'\ef) = {b^;f)'ef, 

so by considering the coefficient of (ei A ... A ef we see that (b^;ff tends to 
a limit in C as m — > oo. Thus, by replacing the sequence (Z?*^'"^) with a subsequence if 
necessary, we can assume that 



11 



11 



as m 



oo. 



First suppose that k = 2. Then Sym -'^C'^ = ® Sym^C^ and 



(A'^(Sym-*^C^))' 



f = {A^{C^ ® Sym^CO)' 



and 

so if 



pi, = ei A (e2 + ej), 

7 (m) \ 

= ' ii> I ^ ^^^^^ 



then Z7 



(hi) , (m) 



11 '^22 



1 and 



b^'"\pf ef) = {bf^)\e, A (£2 + {bf^?e\))f" ef 



(oo)s.3^2^ 
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as m ^ CO. If b^^'> ^ then x e SL(2)((pf ® ef), while if h^^^ = then x = is fixed 
by SL(2) which has dimension 3 = + 1. 

Now suppose that k>l, and assume first that \}^^ 0. We have that 

and b^lf b^^^ e C \ {0} as m ^ oo, so by replacing the sequence {b^"^^) with a 
subsequence if necessary, we can assume that 

{bf^fi'^b'-'^^Pk -^Pk ^ A^(Sym^^C^) 

as m ^ oo, where 

(19) b^-^^p, = b'^^e, A + {bt^fe\) A ... A {bfa + + . . . 

s=2 r'l +■■■+(.,=! 

Looking at the coefficient of 

ei ^ e\ K . . . ^ e'{^ ^ Cj ^e^^ ^...^e\ 
when 1 < j < i < k,'we see that 

^jj{m)y+2+...+{i-l)+{i+l)+...+kjy{m) 

tends to a limit in C as m ^ oo, and so since b^^^ # 

b^'") ^ b^°°) e c. 

Also hf;'bf^---bf^ = 1 for all m, so = 1, so ^ e SL(yt). 

Therefore 

Ues in the orbit of pf^ ® ef' as required. 

So it remains to consider the case when b^^^ = 0. If = then its stabiUser is SL(A:) 
which has dimension -\ > A: + 1, so we can assume that 0. Recall that then 

gj(m)^bla^(m)p^ ^ € A^( Sym ^^C*) 

and 

{b^"'^Pk\ VPk^ e P(A*(Sym^^C*)) 

as m ^ oo, where 

^('"W = bf^e, A ib'Se^ + {b^;",fel) A ... A (bf^e^ + bf\.ei., + ... 

• • • + + Z Z (^K^^' + • • • + ^S^^i) • • • (^'i^ + • • • + ^S?^i) + A . . . 

J=2 +!j=i 
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By replacing the sequence (b^'"^) with a subsequence if necessary, we can assume that 

[Z^lr^e, + + . . . + b^;'e,] ^ [c^'e, + c^^le,., + ... + cfr^ei] e P(C^) 

as m ^ oo for 2 < i < k, which implies that 

K4S'n +■■■ + c^u'e^) ■ ■ ■ (ct^e, + ■■■ + cg^^i)] 6 PCSym^C'^) 
whenever ii + ■ ■ ■ + = i e {2, . . ., k}, and hence that 

where D is the span in C*" of 

{ey} U {cjr^e,- + c!!j.e,_i + . . . + c;;)^! ■.2<i<k}. 
Moreover since b^'"^ G we have b^'f = Oifj<kso 



Jk 



so e D. 

Note that b^'"^ e Bt-i and Bk-i normalises the maximal unipotent subgroup Uk of 
which contains the stabiliser U/t of pt- Therefore for each m there is a (^- l)-dimensional 
subgroup of Uk which stabilises U'"^pk, and it follows that there is a - l)-dimensional 
subgroup oiUk which stabilises p^. In addition by [3J Theorem 6.4 if does not lie 
in S\^{k)pk then it is stabilised by a nontrivial one-parameter subgroup : C* — > SL(fc) 
of SL(fc). Moreover \i D then there is some j e {2,. . .,k - 1} such that cj is 

not in D, and then there is an automorphism of C'' which fixes every element of D and 
sends ej to Cj + Ck- This automorphism is independent of (since c JJ^ and 
the one-parameter subgroup X" of SL(^) fixing jc^, so the stabiliser of p"^ in SL(fc) has 
dimension at least 

dimU^ + 2 = A:+l. 
Thus we can assume that D = C*", and hence c|°°^ + for 2 < z < fc, so that 

, (m) (oo) 
u u 

as m ^ oo. Then by applying an element of Bk~\ to we can assume that 

r (oo) (oo) (oo) n r n 

[4 'e,- -h c)_/.e,_i -h . . . -h c'j,. 'ei] = [e,] 

or equivalently that 

as m — > oo for 2 < i < k, and hence that 

+ • • • + Z^i^^eO . . . (b^ei^ + ■■■ + b^^e^] ^ [e,-, • • • e P(Sym'C^) 
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whenever ii + ■ ■ ■ + = i & [2, . . . , k). Now by again replacing the sequence {b^'^^) with 
a subsequence if necessary, we can assume that 

\l^e^ + bf\,e,^, +... + b'-'e, + Z ^^K^'' + ' ' ' + ^'S'^^ ^ ^^^1 ^ P( Sym ^^C^) 

S=2 (l+---+!j = ( 

where 

dr = jT'ei + J] yC'.i/n ■ ■ ■ e, e Sym ^^C^ \ {0} 

S=2 i'lH l-i,5=! 

for some y^^\ e C. In addition {d°° : 1 < / < fc} is linearly independent so that 

[p^] = A • • • A d^] e P( A^( Sym -'^C'^)) 

and = lim„,^oo t'^'"^Pk where t'-'"'' is the diagonal matrix with entries b^l^\ . . ., b''!^ . 

Thus we can assume that e TkPk where Tk is the standard maximal torus in SL(fc), 
which completes the proof of Lemma [6^ □ 



It therefore remains to prove Lemma I6.5[ We can continue with the notation above 
and use the following standard result: 

Lemma 6.7. Let T be an algebraic torus acting on the projective variety Z, and z e Z. 
Then y e Tzif and only if there is t e T, and a one-parameter subgroup A : C* ^ T 
such that ry e A{C*)z- 

Hence we may assume without loss of generality that there is a one-parameter sub- 
group 

( f^' ■■■ \ 

/"'^ • • • 

t A(t) = 

, ••• t^' ) 

of SLik) such that Ai > and t^'^'" A{t)pk ^ p^^ as t ^ 0. Therefore 



p^ = limr''^/''ei A(e2 + /'^'''"'^'ei) A - • ■ A(e^ + ^ A + + = fc/"''''"-'"'*'^"'^*^;, ■ ■ • e,J 

s=2 

where Ai + ■ ■ ■ + A/, = 0. We are assuming that pl^ so 

k 

[p^] = lim[ei A (e2 + t^''-''-e\) A • • • A (e, + ^ /i + • • • + /, = kt^'^^-^'-'^'ei, ■ ■ ■ e,- )]. 

^ .v=2 

If /I,', -I- ■ • ■ -I- Ai^ < Aj for some j e {2, . . . , ^ - 1 } and s >2 and z'l, . . . , is > 1 such that 
ii + ■ ■ ■ + is = j, then [p^] is independent of ej and so as above the stabiliser of p'j^ in 
SL{k) has dimension at least -i- 1. So we can assume that 

(20) Ai,+--- + Ai, > Aj 
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for any j e {2, . . . ,k - \ } and s > 2 and ii, . . . , > 1 such that ii + ■ ■ ■ + = j, and in 
particular that Aj < jAi for each j e {2, . . . ,k - I}. Let 

(21) pj = jAi-Aj 
for 7 e {1, . . . , ^ - 1}; then pi = and pj > and 

p,-, +---+P;, <pj 

for any j e {2,...,k- 1 } and s > 2 and i\, . . ., > 1 such that z'l + ■ ■ ■ + = j. In 
addition looking at the coefficient of 

ei A 62 A • ■ ■ A ek-i A e,-, ■ ■ ■ e,-^ 

where z'l + • • • + z^ = k, we find that 

< Ayb/a + Ai^+--- + 4 -Ak = Ai{b/a + k{k + l)/2) - (p;, + ■ ■ ■ +p,-, +P2 + • ■ ■ +p,t-i), 
and since p'^ i^O there is some z'l, . . . , z^ with z'l + • • • + z^ = k and 

(22) iiZ^/a + i,- + • • ■ + Ai^ = 
or equivalently 

Alibi a + fc(fc + l)/2) = p,j + • • • +p,-, +P2 + • ■ • +Pi-i. 

Thus 



(23) 



t—>0 



k-i 



.v=2 ii+--+is=k~l 



k-l 



= ei A • • • A (e<-_i + ^ ^ 

4-2 r I +■■■+ =/c- 1 :pi J + - +p,-^ =pj:_ 1 



4-2 j'lH — \-is=k 

eii ■ ■ ■ e, jA 



Z 



i=2 i'lH — his=i: 

A,{b/a+k(k+\)/2)=pi^ +--+pi^+p2+-+Pk-i 

is independent of et and hence is fixed by the automorphisms of C*" which fix ei , . . . , e^-i 
and send to e^. + for j e {1, . . . , - 1}, as well as by the one-parameter subgroup 

^ f^' ■■■ \ 

t^^ •■• 



^(0 = 



I ••• 



t^' 



of Tf,. Thus to complete the proof of Lemma [63] and hence of Theorem 16.21 it suffices 
to find an additional one-dimensional stabiliser, which will be done in the rest of this 
section. 
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Letting 

z = [Pk] = [ei A (^2 + gj) A . . . A ( ^ e,- . . . 

as at (fTSl) we have 

/l(Oz = [r-^'ei A (f-^^ez + t^^'e]) A ... A ( ^ e,-, . . . e,- )] = 

= [r^'+'-'+'^^Xei A . . . A e^) + ^^i+2'ii+'i3+...+i*(gj A A 63 A . . . A e^) + . . .]. 
The generic term in this expression is 

r'^'^'^^^-'^Ke.i A... Ae,,), Sfe) = / 

where 

(24) = X ^'^^ ®^ ^ if = (''i ' • • • ' ''^)- 

r'er 

Definition 6.8. For any one-parameter subgroup A as above let 

• m^ = min (e,,...et) (A^, + A^^ + . . . i^,), 

l<I.{Ei)<k 

• Z^ = [Zl<Z£<M£=m,, Cfi], 

• m^[z] = minj;(£)=,- /l^ for 1 < i < k. 

Let Oa denote the SL(fc) -orbit of z^. 

It is clear that the one-parameter subgroup A{t) = {t,f,..., t'') stabilises z, where z is 
defined as at (fTSl) . and therefore t. = t-i and its SL(fc)-orbit is equal to its GL(/:)-orbit. 

We need a more precise description of the orbit structure of the closure of the orbit 
Oq = O^. Since 1,- = z^i for z = 1, . . . ,k, for A 1 we have a smallest index cr e 
{2,...,k} with Aa- ^ crAi . 

Definition 6.9. We call cr = Head{A) the head of A = {Ai,. . ., An) if 

Ai = iAi for i < cr and A^- crA\ . 
If Act < crA\ then we call A regular ; otherwise we call A degenerate. 

We will say that a one-parameter subgroup A is maximal if the closure of the orbit 
GL{k) ■ z^ is a maximal boundary component of the closure of the orbit of z. 

Definition 6.10. Fix < s < I and 2 < cr < k. Let A"' = (A'^, ...,A'^) and = 
(p.'^, . . . be the following one-parameter subgroups ofGh(k): 

(25) Af = i- l-jsfor 1 < i < k, 

cr 



(26) iu[ 



XT 



\ifor i cr,i < k, 
I cr + efor i = cr. 
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It is easy to see that Head(/l°") = Head(//°") = cr, and is regular, whereas yu°" is 
degenerate. 

Definition 6.11. Let Abe a 1 -parameter subgroup. We call 

ft{/ : z^[/] = e,} 
the toral dimension of the limit point z^. 

Lemma 6.12. If the SL(k)-orbit ofp'^ has codimension one in S'L(k)pk, then [p^] lies 
in the orbit of one ofz^i,..., z^k orz^i,..., z^k-i. 

Proof We can assume that [p^] = for some one-parameter subgroup A. First suppose 
that /I is a regular one-parameter subgroup with Head(/I) = cr and [p'^] = z^. Without 
loss of generality we can assume that 

Ai = / for / < cr and Ag- = cr - s. 

We will call d{i) = L^J the defect of / and d{T) = d{i\) -I- ... -I- J(z,) the defect of 
T = (i'l, . . . , is), so that when / < cr we have d{i)e = pi as defined at (|2TI) . Since 

^(j,cr, ...,cr) = j + m((r - e) for 1 < j < cr - 1, m > 0, 

m 

we have 

(27) mAi] < i - d{i)s for \ <i<k. 

\f As < s - d{s)e for s > i and s is the smallest index with this property then m^s] = As 
and zAs] = e?, so 

z^[l] = ei,z^[cr] = ea-,zAs] = e,, 

while z^ is independent of et by (1231) . so is fixed by a three-dimensional torus in 
SL(fc) and thus is fixed by a two-dimensional torus in Sh(k) as well as a unipotent 
subgroup of dimension k - I. So we can assume that A, > i - d(i)s for I < i < k, and 
therefore 

mAi] = i - d{i)e for \ <i <k. 

So 

(28) e^ ^ z^[/] if^^(T) > J(z). 

On the other hand the distinguished 1 -parameter subgroup A"' is defined as A'[ = i-d(i)s, 
and therefore 

(29) zAi]= J] e,. 

I.(T)=i,d{r)=d{i) 

Comparing (ESI) and (1291 ) we conclude 

z^[z] c z^<r[/] for I < i < k. 
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Now let fihe a degenerate 1 -parameter subgroup with Head(ju) = cr. Without loss of 
generality we can assume again that 

/i, = / for i < cr and /^o- = cr + s- 

Since 

'"(I 1) = ' for 1 < / < ^ 

we have 

(30) m^[/] < i. 

Again, /z^. < s cannot happen for 5 > cr since in that case z^[5] = would hold and the 
codimension of SL(fc)p^ would be at least two. So fis > s and therefore jUr > £(t) with 
strict inequality if cr e r. Therefore 

(31) ^ [z] if cr e T. 
On the other hand satisfies equality in (l30l) . and 

(32) z^.[i] = ^r. 

Z(T)=i,cr^r 

Comparing (|3TI) and (|32l) we get 

z^[z] c Zfj<T[i] for I < i < k, 

and so it remains to consider the possibility that [p^] = z^*. But by (|22l) there is some 
ii,. . ., is with z'l + h is = k and 

and hence A^ > Ai^ + . . . + Ai^. Thus [p^] cannot be equal to z^t because the coefficient 
of ei A . . . A is nonzero for z^k but zero for [p^], and the result follows. □ 

We summarize our information about the maximal boundary components in 

Proposition 6.13. We have z^t = A*^jZ^<t[z], where z^<r[z] = ®Y,(r)=i4(T)=d([)^T, andz^^r = 
A*LiZ^^[z] where z^.[z] = ei;(r)=,>^rer- 

Remark 6.14. Since the one-parameter subgroup A(t) = (t, t^, . . . , t'') of GL(fc) stabilises 
r^z, it follows from Lemma l6. 121 that it is enough to prove the codimension-at-least-two 
property we require only for the one-parameter subgroups A"' (for 2 < s < k) and (for 
2<s<k-l)of SLik) given by 

y(t) = (A'^(t)A(ty^T^ 

and 

for suitable qa-, r^- e Q and ria-, nia- e Z. But we observed at that the property is 
satisfied by a one-parameter subgroup A of Sh(k) if /I,, -I- • • • -I- Ai^ < Aj for any j e 
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+ is = j, SO it is enough to consider the one-parameter 



{2, . . . ,k - 1} such that z'l + 
subgroups 1°" for 2 < s < k. 



6.1. The limit of the stabilisers. In order to prove Lemma [631 it now suffices by Re- 
mark [6?T4] to find a ^-dimensional unipotent subgroup of the stabiliser Gx,,^ of z^<r in 
Gh{k) for each cr when z^cr = [p^], since we know that is fixed by a one-parameter 
subgroup of the maximal torus Tk of SL(fc), and any unipotent group which stabilises 
Zi-^ = [p^] stabilises p'^. 

In this subsection we will study the limits lim GA^(t)z of the stabiliser groups for the 
one-parameter subgroups for 2 < cr < k, and use this to prove Lemma 16.51 which 
together with Lemma [6^ will complete the proof of Theorem 16.21 

Proposition 6.15. G°" = lim^^o GA'^{t)z c GL{k) is a k-dimensional subgroup of G^^^ 
which contains a k - 1 -dimensional subgroup of the maximal unipotent subgroup of 
SL(k). 



Proof. Consider the stabilizer 



Recall that 



( «1 






ak 


^ 







a] 


2q'iQ'2 . 


. 2a\an-\ + . . 












a] . 


. 'ialak-i + • ■ 




> 

















V ■ 








) 





where the polynomial in the (z, j) entry is 

ai +<:/2+...+a,— 

Therefore, the (z, j) entry of the stabilizer of A\t)z is 

(33) {GA^i,)z)ij = t'^-~'^'jpij(a) 

If £ is small enough then A'^ < < . . . < A'^, and we define the positive number 

(34) < = max (A%,_, - 4), i=l,...,k. 

\<}<n-i+\ ■' 

Note that by definition n'^ = for all cr. 
Lemma 6.16. Under the substitution 

PI = t-"-a1 

we have 

GAnmifil, . . . , A) G GL{C{J3u . . . ,j3kM), 
so the entries are polynomials in t with coefficients in C[fii, .. . ,/3k]. 
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Proof. Compute the substitution as follows: 



(35) Gx^(,)j)ij = t'^'- '^'j ^ 

fll+fl2+---+fi= j 

(36) = 2 

ai+...ai=j 

By definition 

Adding up these inequalites and using ai + . . . + a, = j we get an alternating sum on the 
left cancelling up to 

<, + ...+<. >4-^r- 

Substituting this into (1351) we get 

a\+...ai= j 

This proves Lemma [6.16[ □ 

As a corollary we get the existence of 

= limG,.(,)z08i, . . . ,Pk) e GL{C\fiu. • • 

To prove that dim G"' = k and complete the proof of Proposition I6.15[ for 1 < / < A; 
choose B(i) such that 

(38) nf = A0(i)+i-i - Ag(i) 
holds. Then 

(39) Pm,omi-i(J3i , • • • , A) = ^"'^""<"%., ■ ■ -K, 

ai+...+aa(,)=9(!)+!-l 

SO 

(40) (Gnoii)Mi)^i-i = limt-"-Pe(0Mi)^i-iQ3u . . . ,Pk) = lim(?<;8f' ^"^A + ■■■) = 

_ nO(i)-lf3 , 

- Pi Pi + <?e(o,e©+i-i 

where 

'?e(i),e(0+'-i &C[J3u---,/3k][t]- 

It follows that the elements j^A°'{t{e\ +e,)l) e Lie(G°") are independent, where t{ei +e;) = 
(?, 0, . . . , 0, 0, . . . , 0) with the ?'s are in the 1st and /th position if / > 1 but interpreted 
as (It, 0, . . . , 0) if z = 1 . This completes the proof of Proposition l6.15[ □ 
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In order to prove Lemma [631 it now suffices to find an extra one-dimensional unipo- 
tent subgroup of the stabiliser G^^,^ of z^cr for each cr when z^<r = [p^], since we know 
that is fixed by a one-parameter subgroup of the maximal torus Tj, of SL(fc) and 
hy a k - 1 -dimensional unipotent subgroup of G"' = lim^^o which is contained 

in the standard maximal unipotent subgroup Uk of SL(^). It turns out that we have to 
distinguish three cases here. 

Case 1: (T = k. 

Proof. Let e GL(k) denote the transformation 

T^iei) = e, forii^k-1; T^ie^-i) = e^-i + ^e^ for ^ G C. 

Since ek-\ does not occur just in z^<r[fc - 1], stabilises p^. This gives us a subgroup 
of SL(^) of dimension at least k+l which stabilises p'^, because is unipotent but not 
upper triangular \i ^ 0. □ 

Case 2: a <k and k -\ mod cr. 
Proof. Let T be the transformation 

(41) T{ei) = Ci for i + k\ T{ek) = ek + ^e^. 
Since occurs only in Z2<r[k], and z^<T[cr] = cr, we have 

(42) r • z^<r = zji^iei ,...,ek-i,ek + C^a-) = 

= Z^<r[l] A ... A Z^}c^[cr - 1] A Co- A Z^<r[cr -I- 1] A ... A Z^<r[fc])-I- 
-I- ^ ■ z^<t[1] a ... a z^<T[cr - 1] A Co- A z^<T[cr -I- 1] A ... A Zx<r\k - 1] A gg- = z^<r, 

SO r e Gz ,^ . 

It is slightly harder task to show that T ^ G'^ = limg^o GA'r{t)z- First, we compute 
for i = k - a. We claim that forki^ - 1 mod cr 

(43) = XI -Al = At.., - X[. 
Indeed, 

^y+/:-cr-l - = < - A^. = - A^ 

This means that we can choose 0(fc - cr -i- 1) = cr in (1381) and substitute into (l40l) 

(44) (G^),,, = + q.,m , . . . , A), 

where qa;kifi\, ■ ■ ■ ,l3k) is a polynomial, whose monomials jS^^ . . .fi'l'^ satisfy 

(45) iibi + ... + ia-ba- = k. 

Moreover, we can also choose 0(fc - cr -i- 1) = 1, by (1431) . and then (l40l) gives us 

(46) (G")i,,_,+i =A~.r+i. 
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Suppose now that T e G°", that is 

(47) T = G'ifiu ■ ■ ■ ,A) for some^Si e C\p2, ...,heC. 
Let {T)i j denote the (/, j) entry of T. Then 

(r),,, = ^ , {T\j = for / ^ J , (nj = 1. 
Comparing the (1,1) and {l,k - cr + 1) entries of T and G"' we get 

(48) ^1 = l,/3,_^^i =0. 

Choose d{i) for / = 2, . . . , as in (l38l) and let 0(fc - cr + 1) = cr. Since all off-diagonal 
entries of T but the (cr, k) are zero, (|47]) forces the following equations 

(49) Pi + qeaiemi-i = for i it k - cr + I, 

(50) A-cr+l + qa;k = ^■ 

By (|48]), these are - 1 polynomial equations ink -2 variables, and the Jacobian at is 
the origin, so we have finitely many solutions near the origin. Therefore, for some ^, it 
follows that T is not in G°". □ 



Case 3: cr < ^ and d = -I mod cr. 

Proof. This case works very similarly to the previous one. Suppose ^ - 1 > cr, that is, 
if = ccr - 1 where c > 2 (this holds because k > cr), the condition is that ccr - 2 > cr, 
which is true for all k > 4. 
Let T be the transformation 

(51) T(ei) = d for ii^k,k- I ; T(ek-i) = eu-i + ^e^ ; T{ek) = et + 
First we check again that T e G^^^ . We have 

Zi^[cr] = ; 
z^<r[cr + 1] = e^+i + eie^ ; 

ZA^Vk] = ek+ ^Y^ejCk-i . 

i=\ 

An easy computation shows that 

(52) r ■ z^^ = z^^(ei, . . . , ek-2, e^-i + ^e^r, eu + ^e^r+i) = 

= z^-x[l] A . . . A ZA-rik - 2] A {ZxTik - 1] + ^Zi,r[cr]) A (z^<r[A:] + ^Zi,r[cr + 1] = 

= Z^<r[l] A... Az^^[fc] =Za^. 

Now we prove that T ^ G°" in a similar way to the second case above. Since k-\ -\ 
mod cr we can substitute k-l instead of k in (|43]) : 

(53) = - = - /l^. 
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Moreover, we also get the extra equation 

(54) nu-^ = Al - A''^^,, 
and similarly to (l44l) and (l46l) it follows that 

(55) (G")^,,_i = ySrV-r + qa,k-y{pi, . . . ,/3ky, 

(56) (G")^+i,, = yS^A-^ + q^+M, . . . ,/3ky, 

(57) (G")i,,_^=A-<r. 
Since T differs from the identity matrix only by the entries 

the equality 

r = G-08i,...,A) 

forces fik-a = 0,j3i = 1 and the analogue of (|49l) . (1501) : 

(58) /3i + qe{i)Mi)+i-i = for ii^k-o- 

(59) fik-a + q^^k-i = ^ 

(60) fik-a- + qa-+i,k = ^ 

which are, again, k + I nondegenerate polynomial equations ink - 1 variables, such that 
for some ^ there is no solution. □ 



We have now proved Lemma I6.5[ which together with Lemma 16.61 completes the 
proof of Theorem l6.2[ 

7. Geometric description of Demailly-Semple invariants 

As an immediate consequence of Corollary 6.3, we can now prove Theorem 13.31 in 
the case when p = I. 

Theorem 7.1. Ifk > 2 then G[ = \Jk is a Grosshans subgroup of the special linear group 
SL{k), so that C)(SL(fc)'^*)^^'^'^^ is a finitely generated complex algebra and moreover 
every linear action ofUu or on an affine or projective variety Y (with respect to an 
ample linearisation) which extends to a linear action of GL{k) has finitely generated 
invariants. 



In particular we have the special case of Theorem 13 . 21 when /? = 1. 

Theorem 7.2. The fibre 0{{Jk)xf'' of the bundle E'l is a finitely generated graded com- 
plex algebra. 

Proof. We have 

0{{h\f' = {0{Uk\)®0{SUkf'f^^'^ 
which is finitely generated because (9(SL(fc)'^*)^^'^''^ is finitely generated and SL(fc) is 
reductive. □ 
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Theorem 16.21 also allows us to describe the algebra (9(SL(fc))^*. In §6 we con- 
structed an embedding of SL(k)/Vi, in the affine space A*( Sym -^C*') (8) (C'')'^^ for suit- 
able large K, and in Theorem l6.2l we proved that the boundary components of the closure 

SL{k){pi, (g) e®^) of its image have codimension at least two. Thus we obtain the follow- 
ing corollary of Theorem 16. 2[ 

Theorem 7.3. (i) Ifk > 4 then the canonical affine completion 

SL{k)IIJJk = SpeciOiSLik))^") 

o/SL(^)/Uj: is isomorphic to the closure SL(k)(pi, (g) ef^) of the orbit SL{k)(pi, (g) e^^) = 
SL{k)/Vk of pk (g) e®^ in ^\ Sym ^*C*^) (g (C*^)®^ where K = Mil + 1 + ■ ■ ■ + k) + I for 
any strictly positive integer M; 
( ii) The algebra 

OiSLik)f' 

is generated by the PlUcker coordinates on P(a''( Sym -^'C*')), which can be expressed as 

{Ai,,...,i, : s<k}, 

where iy denotes a multi-index corresponding to basis elements of Sym-''(C''), and 
Ail,.. 4, '■^ corresponding minor of (pif . . .,f^^^) e Hom(C*', Sym -''(C*')), together 
with the coordinates . . . , fl of f. 

It follows immediately from this theorem that the non-reductive GIT quotient 

{Jk)xll^k = Spec((9((7,),)"*) 

is isomorphic to the reductive GIT quotient 

((7,), X SUk)(Pk®ef))//SL(k). 

This can be identified with the quotient of the open subset (iJk)x x S^{k){Pk ® e®^))" 

of SL(fc)-semistable points of {Jk)x x SL(fc)(jc>i. (g) e®^) by the equivalence relation ~ 
such that y ~ z if and only if the closures of the SL(fc)-orbits of y and z intersect in 
((Jk)x X SL(k)(pk (g) e®^))"'. Equivalently it can be identified with the closed SL(fc)- 

orbits in i(Jk)x x SL(k)(pk ef^)y\ Since SL(k)(pk e^^) is the union of finitely many 
SL(fc)-orbits, with stabilisers Hi = Vk, Hj, . . . , say, we can stratify {Jk)xll^k so 
that the stratum corresponding to Hj is identified with the //y-orbits in {Jk)x such that 

the corresponding SL(fc)-orbit in {Jk)x x S\^{k){pk <g e®^) is semistable and closed in 

{{Jk)x^SUk){Pk®ef)y\ 

Example 7.4. When k = 2we have 

7f (1,2) = {{f[,f2J['J2) G (C2)2;(/;,/2') ^ (0,0)}, 
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and fixing a basis {e^ej] ofC^ and the induced basis {ei,e2, e\, e\e2, e^} ofC^® Sym ^C^, 
the map (p : 72(1, 2) = Hom(C^ C^) ^ Hom(C\ Sym-^C^) of CD) is given by 

^f,^2 fj, (^p2j- 
r/ie 2x2 minors of this 2x5 matrix are (Z/)^, {fiffj^ /i'(/2')^5 (/2')^ ^i'"^^ 

^[1,2] = /I'A" - flfl- 

On SL(2) we have A[i 2] = 1 and the algebra of invariants 0{SL{2))^^ is generated by 
f[ and fy 
SL(2)//U2 is 0. 



f! and /,', as expected since SL(2)/U2 = \ {0} and its canonical affine completion 



Example 7.5. When k = 3 the finite generation oftheDemailly-Semple algebra 0{{Jk)x)^'' 
was proved by Rousseau in [|27]| . We have 

f;\h3) = {(fl,fi,f;,fl',f^,f;',frJ2'Jn e (CV;(/i',/2,/3) * (0,0,0)}, 

and if we fix a basis {ei, ^2, ^3} ofC^ and the induced basis 

{ei,e2, e^, e\, £1^2, e\, eye-i, e2e-i,e\, e\, e\e2, . . . , £3} 

ofC^ e Sym^C^ e Sym^C^ the map (f> : Hom(C^C^) ^ Hom(C^ Sym^^C^) in ^ 
sends 

to a 3 X 19 matrix, whose first 9 columns (corresponding to Sym-^C^j are 

( f[ fi f; 00 

2\J\ 2\J2 2[J3 ^Jl' JiJ2 ^J2> J1J3 J 2J 7, ^J3> 

1 rnr \_ rnr \_ rin ri rn ri rn . rn ri ri rff rf rff , rf rff rf rff . rff rf rf rff 

V.Jl 3\J2 3\J3 J\J\ J\J2 '^J\J2 J2J2 JIJ3 '^J3Jl J2J3 '^J2J3 ^3^3 

and the remaining 10 columns (corresponding to Sym^C^j are 

( ^ 

00 000 000 

[ (/;)' (/;)V2 (& mD' (/i')V3 (/2)V3 /2(/3)' > 

The 3x3 minors of this matrix together with f[, f^, f^ generate the algebra of invariants 
0{SL(3)f\ 

8. Generalized Demailly-Semple jet bundles 

The aim of this section is to extend the earlier constructions for p = 1 to generalized 
Demailly-Semple invariant jet differentials when p > 1. 

Let X be a compact, complex manifold of dimension n. We fix a parameter I < p < n, 
and study the maps X. Recall that as before we fix the degree k of the map, and 

introduce the bundle Jk^p X of fc-jets of maps C X, so that the fibre over x e X is 
the set of equivalence classes of germs of holomorphic maps / : {C'\ 0) — > (X, x), with 
the equivalence relation / ~ g if and only if all derivatives f^-'\0) = g^-'\0) are equal for 
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< j < k. Recall also that G^^p is the group of fc-jets of germs of biholomorphisms of 
(C^, 0), which has a natural fibrewise right action on 7^.^, with the matrix representation 
given by 



(61) Gk,p = 



Oi O2 O3 
02 O1O2 

000^ 



for Gk,p e Gp^k where O,- e Hom(Sym'C'',C^) and detOi ^ 0. Recall also that G^,p 
is generated along its first p rows, in the sense that the parameters in the first p rows 
are independent, and all the remaining entries are polynomials in these parameters. The 
parameters in the (1, m) block are indexed by a basis of Sym'"(C^) x C^, so they are of 
the form al where v e ^) is an m-tuple and 1 < I < p, and the polynomial in the 

(/, m) block and entry indexed by t = (t[1], . . . , t[/]) e and v e (''l"!'^) IS given 

by 



(62) (Gk,p)r,v= 



T[l] 

VI 

Vl+...+V/=V 



Recall also that p = Uyt,p ><i GL(p) is an extension of its unipotent radical Uyt ^ by 
Gh{p), and that the generalized Demailly-Semple jet bundle fi^^p,,,, ^ X of invariant jet 
differentials of order k and weighted degree (m, . . . , m) consists of the jet differentials 
which transform under any reparametrization (p e Gk,p of {C'\ 0) as 

e(/o0) = (V"e(/)°'^' 

where = detOi denotes the Jacobian of 0, so that E^^p = ®m>oEk,p,m is the graded 
algebra of G[ ^-invariants where G^^ = U/t,p SL(p). 

8.1. Geometric description for p > I. As in the case when p = I our goal is to prove 
that G[p is a Grosshans subgroup of SL(sym-''(p)) where sym-''(p) = Y!i=\ dim Sym'C 
by finding a suitable embedding of the quotient SL(sym-''(;?))/G^p. 

Remark 8.1. In [|25l Pacienza and Rousseau generalize the inductive process given 
in [5J of constructing a smooth compactification of the Demailly-Semple jet bundles. 
Using the concept of a directed manifold, they define a bundle Xk^p —> X with smooth fi- 
bres, and the effective locus Z^. p c X^. p, and a holomorphic embedding f^^JGk^p '-^ Zk,p 
which identifies f^^JGk^p with Z'^^^ = X'^^^ C\Zk^p, so that Z^. p is a relative compactification 
of Jk,p/Gk,p. We choose a different approach, generalizing the test curve model, result- 
ing in a holomorphic embedding of Jk,p/Gk,p into a partial flag manifold and a different 
compactification, which is a singular subvariety of the partial flag manifold, such that 
the invariant jet differentials of degree divisible by sym-''(jc») are given by polynomial 
expressions in the Pliicker coordinates. 



A GEOMETRIC CONSTRUCTION FOR INVARIANT JET DIFFERENTIALS 37 

Fix X e X and an identification of T^X with C"; then let J tip, n) = Jk,p,x as defined in 
§2. Let 

f^^ip, n) = [y e Jkip, n) : Fi is non-degenerate} 
where y is represented by 

u y(u) = FiU + F2U^ + . . . + TkVi'' 
with F,- e Horn ( Sym 'C^, O'). Let N > nhe any integer and define 

T,,p = |¥ e Un, N):3ye f^\p, n) : ¥ o y = o) . 
Remark 8.2. The global singularity theory description of Tk,p is 

n,p = [p = {pu...,Pn)& Jkin, N) : C[zi , . . . , zAKpu ...,Pn) = C[x, yMizi z,,)'"' } • 

Note, again, as in the p = I case, that if y e J^^iP^ ^) ^ surface of ¥ 6 Yjt ^, 
and 1/7 e is a holomorphic reparametrization of C^, then y o ^ is, again, a test surface 
of ^: 

(63) 0' C C" — ► 

^oy = ^ »Fo(yo^) = 

Example 8.3. Letk = 2,p = 2 and let »F(z) = ¥'z + ^>"z^ for z e C", an J 

y(Mi, U2) = yiQUi + yoiM2 + 720"? + rii"i"2 + Toiul, yij e C". 
r/zen *P o y = /zai' the form 

(64) T'(rio) = ; ¥'(roi) = 

*P'(r2o) + ^"(rio,rio) = o, ; ^'(rii) + 2¥"(rio,roi) = o, ; ^'(roi) + ^"(roi,roi) = o, 

We introduce 

Sy = {'¥eJk(n,N):'i'oy = 0] 

and the following analogue of J'^(\,n): 

r^(n,N) = e Jk(n,N) : dimker»P = p} . 

The proof of the following proposition is analogous to that of Proposition 4.7 in [|2l, and 
we omit the details. We use the notation 

k 

sym'(p) = dim(Sym'CP); sym-'^(p) = dim(CP Sym^C' ... Sym'^C) = sym'p. 

(=1 

Proposition 8.4. i\) If y e J]^^(p,n) then Sy c Jk(n,N) is a linear subspace of 
codimension Nsym-''(p). 
(ii) For any y e f^^{p, n), the subset Sy n 7^(«, A'^) ofSy is dense. 
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(iii) If^G J'^in, N), then ¥ belongs to at most one of the spaces Sy. More precisely, 
if 71,72 6 J^^^{p,n), *P e J^(n,N) and^ o = *P o 72 = 0, then there exists 
(f e J^^^ip, p) such that yi = 72 ° 

(iv) Given 71,72 G f^^{\,n), we have Sy^ = Sy^_ if and only if there is some tp e 
7^'^^(1, 1) such that 71 = 72 o (p. 

With the notation 

r,^p = rk,pC^Jl{n,N), 

we deduce from Proposition 18.41 the following 

Corollary 8.5. T^^ is a dense subset ofTj^ p, and T^^ has a fibration over the orbit 
space f^^{p,n)l f^^{p,p) = f^^{p,n)IGi^p with linear fibres. 

Remark 8.6. In fact, Proposition l8.4l savs a bit more, namely that T° ^ is fibrewise dense 
in Tk,p over f^^ip, n)/Gk,p, but we will not use this stronger statement. 
By the first part of Proposition 18. 41 the assignment y ^ Sy defines a map 

V : Jl^^ip,n) Gr:assikN,Jkin,N)) 
which, by the fourth part, descends to the quotient 

(65) y : Jl^^{p, n)/Gk.p ^ Grass{kN, Jtin, N)) 

(cf. Proposition 14.41) . Next, we want to rewrite this embedding in terms of the identifi- 
cations introduced in ^ So we 

• identify 7;t(p, n) with llom(C'^'^'p®. . .eC'^'^'PX") = Hom (e5'"^''<''\ C") where 
symjp = dimSym^C^ and sym-^(;?) = 25=i sym^p; 

• identify Jt(n, 1)* with Sym-'^C" = Sym'C". 

We think of an element v of Hom (C**^'""*'^^^ C") as an n x sym-*'(p) matrix, with column 

1 k 

vectors in C". These columns correspond to basis elements of C**^"" p ® . . .® C*^™ and 
the columns in the ith component are indexed by z-tuples I < ti < tj < ■ ■ ■ < ti < p, or 
equivalently by 

(e,, +e,^ + ... + gf,) e Z^q 
where = (0, . . . , 1 , . . . , 0) with 1 in the 7th place, giving us 

V = (vio,...o, V01...0, . . . , V0...0A.) e Hom (Oy-^''(p\ C). 
The elements of f^^{p,n) correspond to matrices whose first p columns are linearly 
independent. When n > sym-*'(p) there is a smaller dense open subset 7^™'''^^(p, n) c 
Jf^(p,n) consisting of the n x sym-''(p) matrices of rank sym-''(p). 

Define the following map, whose components correspond to the equations in (l64l) : 

(66) 4) : Hom(C>"^'*(''\C") ^ Hom(e>'"^'*^'^\ Sym-'^C") 

(VlO,...0, V01...O, • • • , Vo...Qk) (• • • , Zsi +S2 + ...+S,=S 

where on the right hand side s G Z>q. 
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Example 8.7. Ifk = p = 2 then (p is given by 

0(VlO, Vol, V2(), Vii, V02) = (Vio, Vol, V20 + Vio, Vn + 2vioVoi, V02 + Vol). 

Let Pk,p c GLsyn,<<r(p) denote the standard parabolic subgroup with Levi subgroup 

GL(sym^;?) x . . . x GL(symV), 

where sym^p = dimSym-'C^ and ^ym-^{p) = ^5=1 sym^p. Then (l65l) has the following 
reformulation, analogous to Proposition l5.1[ 

Proposition 8.8. The map (f> in (l66l) is a Gk,p-invariant algebraic morphism 

(P : f^\p,n) ^ Hom(ey'"<^\Sym-'=C") 
which induces an injective map 0*-'"'^'^ on the Gk,p-orbits: 

f'^'^'' : f^\p,n)IG,,p ^ GrasSsy„>.*(^)(Sym^'^C") 

and 

/'^s : f^\p,n)IGu,p Flag,y^.(p)^...,,y^.(p)(Sym^^C") ^ nom{C'^^>'\Sym^'C')IP,^p. 
Composition with the PlUcker embedding gives 

(^^"j = Pluck o (f'^'' : f^\p,n)IGk,p ^ P(A^5'm^*(p)syin^'^C"). 
As in the case when p = 1 , we introduce the following notation 

Xnxp = Ynxp = /™j(/r'''(P'«)) c P(A^>'-'*(Sym^^C")). 

Definition 8.9. Let n > sym-''{p) = sym'(jc») + . . . + sym''(;?). Then the open subset of 
P(/^sym^*(P)(Sym^^C")) wherc the projection to a^>"^''(p)C" is nonzero is denoted by AnXp- 

Since (jp^^^^ and (p^''°^ are GL(n)-equivariant, and for n > %ym-^{p) the action of GL(n) 
is transitive on Hom"°"^'=g(C^5'm^*(/>)^ ^n)^ have 

Lemma 8.10. (i) Ifn> sym-*(p) then XnXp is the GL(n) orbit of 

(67) z = f'°\eu esym^*(p)) = [^h^...+j„<k J] • • • ^ij 

ii+...+ij=0'i,...Jp) 

in F(A'y'^-'^P\Sym-''C")). 

(ii) Ifn> sym-'^{p) then X„ j^ p and Y„ j^ p are finite unions o/GL(n) orbits. 

(iii) For k > n the images X„ i^ p and Y„ i^ p are GL{n) -invariant quasi-projective vari- 
eties, though they have no dense GL(n) orbit. 

Similar statements hold for the closure of the image in the Grassmannian 

Grass,y^..(p)(Sym^^C") 

(or equivalently in the projective space P(A'>'"'"^^''^(Sym-''C"))). 

Lemma 8.11. Let n > sym-''(C"); then 
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(i) An^Kp is invariant under the GL{n) action on P(A'y"'"*^(''^(Sym-*^C")); 

(ii) KiXp c Kxp' although Y„xp ^ A„^k,p; 

(iii) X„kp is the union of finitely many GL(n)-orbits. 

9. Affine embeddings of SL(sym-'';7)/G*:,p 

In this section we study the case when n = sym-'^p and so GL(n) c f^^{p, n). In the 
previous section we embedded f^^ip, n) /Gk,p in the affine space A„^k,p c P( A" Sym -''C"), 
which can be restricted to GL(n) to give us an embedding 

GUn)/Gk,p ^ P(A"Sym-*^C") 

as the GL(n) orbit of 

^■■■^^ es,es2 •••^s, A ...]. 

\s\=j Si+S2 + ...+Sj=S 

Equivalently we have SL(n)/(SL(n)nGi,p) = SL(n)/G^ ^xF^^p embedded in a''( Sym -*C*) 
as the SL(^) orbit of 

Pk,p = ---/\^ ^ esi^sz • • -es, A . . ., 

\s\=j Si+S2 + ...+Sy=S 

where SL(n) n Gk,p is the semi-direct product ^ xi F^.p of G[ ^ by the finite group Fk,p 

of Z,t,pth roots of unity in C for Z/. ^ = Xu^i isym'p. In analogy with §6 we can consider 
an embedding of SL(n)/G[^ in 

A"(Sym-'^C")®(A''(C")f^ 

for suitable K and its closure in this affine space. We expect the following result gener- 
alising Theorem l6.2[ 

Conjecture 9.1. Let K = M(2ti isym'p) + 1 where M eM. Then the point 
Pk,p ® (ei A . . . A epf e a"( Sym^'^C") (a''(C"))®^ 

where 

Pk,p = . . . A ^ ^ gsiCs, . . . es^. A . . . 

|s|=7 Si+S2 + ...+S_,=S 

has stabiliser G[^_^ in SL(n), and the closure of its Sh{n) orbit 

SUn)(Pk.p ® (ei A . . . A epr^) 

is the union of the orbit of p^p (g) (ei A . . . A ep)®^ and finitely many other SL{n)-orbits, 
all of which have codimension at least two ifk is large enough (depending on p) and M 
is sufficiently large (depending on k and p). 



A GEOMETRIC CONSTRUCTION FOR INVARIANT JET DIFFERENTIALS 



41 



The proof of Conjecture 19 . 1 1 should be similar to that of Theorem 16 .21 with the role of 
the Borel subgroup 5^ of SL(k) played by the standard parabolic subgroup P c SL(n) 
which stabilises the filtration 

OgC = Cei®...®Cep c C^® Sym^C^ c ... c C® Sym^C®---® Sym^C = C\ 
It follows immediately from Conjecture 19. 1 1 that we would have 

Conjecture 9.2. If p > \ and k is large enough (depending on p) then the reparametri- 
sation group G^^ is a subgroup of the special linear group SL(sym-'';?), where 

k 

sym-V = ^dimSym'C^ = 

(=1 

such that the algebra of invariants 

(9(SL(sym-V))*^'" 

is finitely generated, so that every linear action ofG^^p or G^^ on an affine or projec- 
tive variety (with respect to an ample linearisation) which extends to a linear action of 
GL(sym-''p) has finitely generated invariants. 

In particular we would have 

Conjecture 9.3. If p > \ and k is large enough (depending on p) then the fibres 
0{Uk,p)xf'''-'' of the bundle E'^^^ are finitely generated graded complex algebras. 

We would also obtain geometric descriptions of the associated affine varieties 

SpecCOCSLCsym-V))*^*") 

and S^Qc{p({Jk,p)xf''''') generalising those in §7. 
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